We define canonical algebraic p-adic L-functions in non-commutative Iwasawa theory and establish some of their basic properties.
§1. Introduction
In this note we use a result of Schneider and Venjakob in [8] to define canonical 'algebraic p-adic L-functions' in non-commutative Iwasawa theory. This construction refines both the notion of 'characteristic element' introduced by Venjakob in [10] and the 'Akashi series' introduced by Coates, Schneider and Sujatha in [5] and also plays a key role in descent theory in non-commutative Iwasawa theory. Indeed, in joint work with Venjakob [3] , the results proved here are used to establish a general descent theory that, for example, clarifies the precise connection between main conjectures of non-commutative Iwasawa theory in the spirit of Coates, Fukaya, Kato, Sujatha and Venjakob [4] and the relevant cases of the equivariant Tamagawa number conjecture of Flach and the present author [2] .
The main contents of this note is as follows. In §2 we define a natural notion of algebraic p-adic L-function. In §3 we prove some of the basic functorial properties of these elements and show that they refine the 'Akashi series' introduced in [5] . In §4 we prove that algebraic p-adic L-functions are 'characteristic elements' in the sense of [10] (and [4] ).
§2.3. Canonical automorphisms
If J is any profinite group, then we write M⊗ Λ(J) N for the completed tensor product of compact Λ(J)-modules M and N (cf. [7, p. 230 We define an endomorphism
for each x ∈ Λ(G) and y ∈ M , whereγ is any lift of γ through the projection 
Proof. We assume first that Σ = S and fix
is a finitely generated Λ(G)-module and hence I G H (M ) S is a finitely generated Λ(G) S -module. There is also a short exact sequence of (finitely generated) Λ(G)-modules
in which the third arrow is induced by x ⊗ Λ(H) m → x(m) for each x ∈ Λ(G) and m ∈ M . Indeed, the exactness of this sequence has been proved by 
The ring Λ(G) S * is both noetherian and regular [6, Prop. 4.3.4] . Hence there is a natural group isomorphism between the algebraic K-group K 1 (Λ(G) S * ) and the group G 1 (Λ(G) S * ) that is generated (multiplicatively) by symbols of the form α | N where α is an automorphism of a finitely generated Λ(G) S * -module N (cf. [9, Th. 16 .11]).
Definition 2.2.
Let
obtained by setting
The following result explicates this definition in a classical setting.
and there is a natural isomorphism of groups ι :
where λ(M ) is the Iwasawa λ-invariant of M and char T (M ) the characteristic polynomial of M with respect to the variable T = γ − 1.
Proof. The first sentence is well-known (with the isomorphism ι induced by taking determinants over Q(Γ)). Further, by the structure theory of finitely generated Λ(Γ)-modules, it suffices to prove the second sentence in the case
where α is the endomorphism of N given by multiplication by
But, by using the
The displayed equality is therefore clear.
Remark 2.4. In joint work with Venjakob [3] we reinterpret Definition 2.2 in terms of the localized K 1 -groups introduced by Fukaya and Kato in [6] . If G has no element of order p, then in [3] we also extend Definition 2.2 (and the results proved in §3 and §4 below) to the case of complexes
Proof. Applying the exact functor I G H (−) S * to the long exact cohomology sequence of the given triangle gives a commutative diagram of finitely generated Λ(G) S * -modules
in which both rows are exact. Taken in conjunction with the defining relations of
Now let U be a closed subgroup of H that is normal in G and set G := G/U , H := H/U and S := S(G, H). Then the natural projection Λ(G) → Λ(G) extends to a ring homomorphism Λ(G) S * → Λ(G) S * and hence induces a homomorphism of groups π G :
Proof. The first assertion follows directly from the fact that there is a natural isomorphism in
To prove the second assertion we first recall that each term
be computed explicitly as follows. One can fix a complex P
which is bijective in each degree and such that
where the last equality follows from the regularity of Λ(G) S * and the defining relations of K 1 (Λ(G) S * ). Now there are natural isomorphisms of Λ(G) S * -modules
under which H j (id⊗α i ) corresponds to the endomorphism δ G,γ,Tor
.
The product expression (2) is therefore equal to i∈Z j∈Z
where the first displayed equality is a consequence of the spectral sequence E r,s 
is introduced by Coates, Schneider and Sujatha in [5, §4] (and is denoted by Ak(M ) in [4, §3]). §4. Characteristic Elements
We write G 0 (M S * (G)) for the Grothendieck group of the category M S * (G) and for each module M in M S * (G) we write [M ] for the associated element of G 0 (M S * (G)). We also write K 0 (Λ(G), Λ(G) S * ) for the relative algebraic K 0 -group of the natural homomorphism Λ(G) → Λ(G) S * and recall that this group is generated by triples of the form (P, κ, Q) where P and Q are finitely generated projective Λ(G)-modules and κ is an isomorphism of Λ(G) S * -modules P S * ∼ = Q S * (for further details see [9, p. 215 
]).
If G has no element of order p, then Λ(G) is a noetherian regular ring and the groups K 0 (Λ(G), Λ(G) S * ) and G 0 (M S * (G)) are naturally isomorphic. We normalise this isomorphism in the following way:
where r g , r h and r s denote the automorphisms of Λ(G) S * that are induced by right multiplication by g, h and s respectively.
We next note that, irrespective of whether G has an element of order
. We define this element by identifying K 0 (Λ(G), Λ(G) S * ) with π 0 of a natural Picard category that is constructed from the categories of virtual objects V(Λ(G)) and V(Λ(G) S * ) associated to the categories of finitely generated projective Λ(G)-modules and finitely generated projective Λ(G) S * -modules respectively (for further details see, for example, [1, Lem. 5.1]). Then, with respect to this identification, we let χ(A • ) denote the inverse of the element of
is the inverse of the element
with t equal to the isomorphism i∈Z
(We prefer to define χ(A • ) in terms of the inverse in order to ensure that if G has no element of order p and M belongs to M S * (G), then the isomorphism
In the next result we use the natural connecting homomorphisms in Ktheory
and We write
for the natural connecting homomorphism (that occurs in the above definition of ∂ G ) and recall that if ν is an automorphism of a finitely generated Λ(G) S * -module N , then
where N is any finitely generated Λ(G) may change α by a homotopy in order to assume that α i is itself injective in each degree i. Thus there exists a short exact sequence of (bounded) complexes of finitely generated Λ(G)-modules (6) χ
where the first equality is a consequence of our chosen normalisation of χ(−) and the second a consequence of the definition of ∂ G . Next we combine the exact sequence (5) with the commutativity of (4) to deduce that cok(α)
• is isomorphic in D p (Λ(G)) to the mapping cone cone(δ each i, it is straightforward to show that the morphism cone(δ
by [1, Prop. 5.6 ]. Now in each degree i there is an exact sequence of complexes
• ) → 0 where τ ≤d denotes naive truncation in degree d. By applying [1, Th. 5.7 ] to each of these exact sequences we obtain an equality χ(cok(α)
where the second equality follows from the commutativity of (4), the third from the defining relations of K 1 (Λ(G) S * ) and the fourth from (6) . This completes our proof of Theorem 4.1(ii). Proof. In each degree i there are tautological exact sequences 
We next construct a homomorphism of Λ(G)-modules
and such that the quotient module
is p-torsion. To do this we claim first that the cokernel of the map
that is induced by the composite
is injective with p-torsion cokernel and so there is a natural complex Hom
) which has p-torsion cohomology in the central degree. 
Thus one has
) has p-torsion kernel and ptorsion cokernel. Then these homomorphisms k i satisfy both (8) and (9) and
We thereby obtain a morphism of complexesα that is homotopic to α via the homotopy {−k i } i∈Z . Also (8) and (9) 
